HOCJIG,ZLHSIEI TeopeMa (I)epMa: BBI30B Ha CTOJIETHA

AnHoranus

Caaiinpr 1—2. Jlexmust nocssimena 6osee yeMm 300-1eTHel NCTOPUM IOMNBITOK JOKA3aTEIb-
CTBa BeJIMKOI TeopeMbl Pepma, HaunHAA C MOMEHTa (POPMYIMPOBAHHA 3TOro yTrBepKaenus [Ine-
pom Depma (1642) u 3akaHIMBast JOKA3aTEILCTBOM TeopeMbl DHpIO Yaiticom (1995). B kaue-
CTBe 3JIeMeHTapHBIX IIPUMEPOB paccMOTpeHbl ypasHeHue IIndaropa u ciayqait n = 4, K KoTopoMmy
IIPHUBEJIEHO JI0Ka3aTesIbCTBO. [lepednciienbl OCHOBHBIE IPOABUKEHNS B 00JIACTU JIOKA3aTEIbCTBA
TeopeMBbl JJIsl KOHKPETHBIX HoKazaTeseit. IIpuBenens! nepedpoOpMyInPOBKE T€OPEMBI, CJI€JICTBUSI
u3 He€, a TaKKe JaH IPHMeEpP OMIMOOYHOro Jl0Ka3aTeabcTBa. [lokasano, 4To MeTos 6eCKOHEYHOTO
CIIyCKa K JOKa3aTeJbCTBY BeJIHKOil TeopeMbl Pepma B 00IIeM ciIydae HEIIPUMEHUM.

1. Kparkas ucTtopusi BOIIpOCa: OT NOCTAHOBKHU MPOOJIEMbI O HAIIUX JHEH

Caaiinpr 3—4. Bee anTtuvunblie 3HaHNS 00 YPABHEHUSX B IEIbIX U PAIMOHAJIBHBIX YUCIAX U3JI0-
xun duodant Anexkcangpuiickuit (111 B. 10 H.3.) B cBoeM 3HaMeHHTOM TpakTare «Apudmernkay,
KOTODBIN CTAJ OTIPABHOM TOYKOMN JJIsi TEOPETUKO-IUCIOBBIX ncciegoBanuii [Ibepa ®epma (1601 —
1665), Jleonapsa Ditiepa (1707 — 1783), Kapusia Taycca (1777 — 1855) u jipyrux MaTeMaTHKOB.

Ha nonsx nzpannoro coopanus tpyaos dnodanta Pepma 3ammca:

«HeBo3MokHO pa3iokuTh KyO Ha j1Ba Kyba, OMKBajparT — Ha JiBa OMKBa/IpaTa 1, B 00IIEM
ciydae, JIIOYI0 CTelleHb, OOJIBIIYIO JIBYX, B CYMMY TaKUX K€ CTEIICHEIH; s HAIe I [IOUCTUHE
qyJIECHOE JIOKA3ATEIbCTBO, HO 9TU TOJIsI CJIUIIKOM Y3KHU, 9TOOBI €10 BMECTHUTDY.

Caaiig 5. Ha coBpeMeHHOM SI3BIKE 9TO 3HAUUT CJIEIYIOIIEE.

(A) IIyemv n — npoussosvhoe Hamypaivhoe wucao, boavwee 2. Tozda ypasrerue
X"+Yr=27"
He UMeem Pewerull 8 YEADT YUCAAT, KaxHcdoe U3 Komopur omaudno om 0 (m.e. ono umeem Auww
mpusuasvhvle pewenus, 20e 00no us wucea X, Y, Z pasno 0).

D10 yTBepKIeHNE ObLIO Ha3BAHO nocaednel, meopemot (2unomesot wiun npobaemots) Depma.
Takke MUPOKO yroTpedigeTcs TePMUH «Bejukas TeopeMa Depmas.

Caaiing 6. Ha nporsizkeHun Tpex ¢ IOJOBUHOM BEKOB MaTEeMAaTUKH — KaK y4YeHble ¢ MUPOBBIM
UMeHeM, TaK U HaxXOIUHBBIE JIIOOUTE/N — IIBITAJINCH JI0Ka3aTh 3HaMeHuToe yTepxKiaeHune Pepma.
N306peTanch HOBBIE IMOAXOMbI, CO3IABAINCH OYeHb CA0KHBIE Teopun. OIHAKO HECMOTPS HA MHOIO-
YUCJIEHHBIE TIONBITKN, HI coBpeMeHHnKaM Pepma, HI TOC/IE Iy IOIITUM UCCTIeI0BATEISIM HANTH «1Ty/1ec-
HOE JIOKA3aTe/IbCTBO» HE YJIAJI0Ch. Y TBEPKJICHUE OCTaBaJIOCh HEJOKA3aHHBIM JI0 KOHIIa XX BEKA.

JonroxKaanHoe A0Ka3aTeJILCTBO OBLIO HaligeHo DHApIo Yaitsicom Jjmib B 90-x romax XX B. B
HeM ObLIN 3aJIeficTBOBAHBI aprdMeTuIecKas TeOPHs IUNTUICCKUX KPUBBIX, TEOPUsT MOLYIAPHBIX
dopm u T.71.

HauneMm ¢ HEKOTOPBIX 3aMedaHMIA.

Caaitg 7. /Insa Toro utobnl jloka3aTh Teopemy Depma Jijist BcexX mokazateseit, 0obImux 2, J10-
CTATOYHO JIOKA3aTh €€ JIJId IMoKa3aTeid 4 1 BceX HeYETHBIX IPOCTBIX MoKasaresei p. JlelicrBUTeIbHO,
€CJIN IUCJI0 N COCTABHOE, N > 2, TO OHO UMeeT JEJIUTEIb 1M, PABHBIN Wian 4, Wil HEYeTHOMY IPOCTO-
My [uciy p. Ecim yrBep:Kienne TeopeMbl He BbINOJHAETCH it 1 = ml, tne m = 4 wau p, | > 1,
U T,y, 7 — TaKue OTJMYHBIE OT HYJd Iejible uuciaa, uto 2" + y" = 2", 1o (z!)™ + (yH)™ = ()™, a
3HAYUT, TeOpeMa He BBITOJTHEHA U JIJI M.

[Tycrb oTyimdaHbIE OT HyJIs TeJIble YUCIIA X, Y, Z TAKOBBL, 4To 2" +y" = 2" ux) = x/d,y; = y/d, 21 =
z/d, rne d = HO/(x,y, z). Torpa x4y} = 27, r71e oT/IMdHbBIE OT HYJIsI [IEJIbIe YUCTIa X1, Y1, 21 HOIIAPHO
B3aUMHO MPOCThI. Takum 00pa3oM, ecIu MPEeNoa0KITh, YTO CYIIECTBYeT HeTPUBUAIbHOE pelleHne
ypasaenuns Pepma, TO 9TO ypaBHEHUE JIOJ2KHO KMETD eIlle O/IHO PEIIeHre B IIOMAPHO B3AUMHO ITPOCTHIX
TUCTIAX.

B ciydyae HedeTHBIX HPOCTBIX IMOKa3aTe/ell p TPaJUIMOHHO Pa3JIUYaioT JiBa CJIydas TEOPEMbI
®epmMa.

1) Iepswii caywati meopemv, Depma uveerT MeCTO, €CJIU JJist JTIIOOBIX OTJIHMYHBIX OT HYJIsI TIEJIBIX
YHUCesl T, Y, Z, He KPATHBIX P, BBIIIOJIHEHO COOTHOIEHUe xP + yP # 2P,



2) Bmopoti caywati meopemor Depma uMeeT MECTO, €CIU JIJIs JIIOOBIX OTJIMYHBIX OT HYJIs HOIIAPHO
B3aMMHO [TPOCTBIX MEJIbIX YUCE]I T, Y, Z, TAKUAX, 9TO P JEJIUT TYZ, BBIIOTHIETCS COOTHOIIeHMe P +yP #
zP. B aroMm ciiydae p JAeJUT POBHO OJIHO U3 YUCE]T X, Y, 2.

B obmiem cirydae roBopdT, 4TO nepewvitll cAyuatl meopemv, Pepma nMeeT MECTO JIJist TPOU3BOJIHLHOIO
1eJsioro moxkazaressg n = 2“m, u > 0, m HeYeTHO, eCJIX JIjIsd JIOObIX OTJIMIHBIX OT HYJIS IEeJIbIX UUCeT
x,y, z, Takux, aro HOJ(m, zyz) = 1, umeer mecro cooTHomenue ™ + y" # z". Anasoruaso 6mopot
cAYual CIIPaBEIUB JIJId TOKa3aTessd N, €CJId JiJIsd JIOOBIX OTJIUYHBIX OT HYJId IOIMapHO B3AMMHO
IPOCTBIX TIEJIBIX YHCe T, Y, z, TakuX, aro HOJl(m, xyz) # 1, BeimosHsgercs cooTHomenue ' + y" #
A

2. YpaBHenue IIudaropa

Caaiig 8. Kparko ocranosumcst Ha ypaBuenunn [Iudaropa
X24Y2=27% (1)

Tpoiika MOJOKUTEILHBIX HeJIbIX duces (T, Y, 2), TakuX, 9to x2 + y? = 22, HaswiBaercst nugdazoposoli
mpotixoti. Hanpumep, (3,4,5) — mucaroposa Tpoiika, HockoabKy 32 + 42 = 52,

Ecyin oTyiudnble OT HyJs Iejble 9ucia T,%y, 2 Takosbl, uto 22 + y° = 2% ro ||, |y, |2| Taxmxe
YIOBJIETBOPSIOT 3TOMY YPABHEHHIO. 3aMETUM, 9TO I, He MOIyT 006a OBbITh HEYETHBLIMU, TaK KaK B
nporusHoM ciydae z2 = 1+ 1 (mod 4), uro nesozmoxkHo. Bosiee Toro, ecin d = HOJI(x,y, z),
o x/d, y/d, z/d ynoBIeTBOPSAIOT TOMY Ke ypaBHeHHIo. Takum 0O6pasoM, JOCTATOUHO OIPEJIETUTh
npumumuenie pewenus (x,y, z) ypasaenus (1), a umenso takue, aro > 0, y > 0, z > 0, x geTHO
u HO/I(x,y, 2z) = 1, oTKya y u z HEYETHBI.

B knure lukcona «Vcropus Teopun umcesr» yreepkiaaercd, dro [Iudarop u [Llnaron npemioxu-
JIM METOJIbI HAXOXKJIeHus pemteHuil ypasHenus (1). B semme 1 K npemiokenuto 29 jecatoit KHUTH
«Hagan» EBKIng npupes1 reoMeTpUIecKHil METO/I HAXOXKICHUS PEHICHUII 9TOr0 ypaBHEHHS.

HuodanT ykazan MeTos HaXOXK/IeHUsT Beex pernenuii B popme yrBepxiaenus (A') (cm. mpasee).

Jleonapno Iluzanckuit (Pubonauwm) Takke npusesg B 1225T. HHTEPECHBIH METOJ HAXOXKJICHUS
pernennii.

Cuaaiig 9. (A') Ecau yeavie wucaa a u b makosw, wmo a > b >0 uw HOI(a,b) = 1, npuvem a u
b pasauunotl wemnocmu, mo mpotika (x,y, z), 3a0a6aeMaA PAGEHCTNEAMU

x = 2ab,
y:a2_b2a
2 =a%+ b,

ABAACTNCA NPUMUMUCHLLM PEUWEHUEM YpasHenus (1). Dmu coommowenus ycmanasAusaom 63aum-
Ho 00HO3HAYHOE coomeemcmaeue mexcdy muoocecmeom nap (a,b), ydosaemeoparowur yka3annoim
YCAOBUAM, U MHOHCECTNEOM NPUMUMUBHHLE PeweHull ypasnenus (1).

JIOKABATEJILCTBO. IlycTh a 1 b — 1e/ible Unciia, yI0BIETBOPSIOIINE YCIOBUIO yTBep2K AeHus1. Ompe-
JIeJIUM X, Y, 2, KaK yKa3aHo Bbiire. Tora

2%+ y? = 4a’0* + (a® — b*)? = (a® + %)% = 2%

dAcuo, aro x > 0, y > 0, z > 0, z verno u HO/I(z,y, z) = 1, noromy uro ecu d JeJguT x, y U z, TO
d nemur 2a* u 2b%, tak uro d = 1 wm d = = 2 (nockonbky HO/I(a,b) = 1); no d # 2, Tak Kax y
HeYeTHO (MOCKOJIbKY YUCIa @, b UMEIOT Pa3HYyIO0 YEeTHOCTD).

HerpyiHo BUAETD, YTO pa3JudHbiM napaM (a,b) COOTBETCTBYIOT pas/udHble TPOUKM (I, Y, 2).

O6parno, myctsb (r,y,z) — IpuMUTHBHOE pemienue ypapenus (1), Tak urto z? + y* = 22. U3
paserncrBa HO/l(z,y, z) = 1 moayuaem HO/I(x, z) = 1. Yuncno o gerHo, 3HAYUT, 2 HEUETHO, & CJie-
nosarenbio, HOH(z —z,z2+2) = 1. (Ecmud | (z —z) ud | (z+ ), 0o d | 22 u d | 2z. Ho d # 2,
a uncsia T U 2 B3auMHO npocTbl. 3uaunt, d = 1.) Ilockonbky y* = (2 — x)(2z + ), U3 pasnoxenus
HA IIPOCTBIE MHOYKUTEJIN CJICAYET, UTO 2 — T U Z + T ABJISIOTCH KBaJApaTaMK HEJbIX YUCEsI, CKAZKeM,
24+ x =12, 2 — x = u?, upuueM t, u JOJKHBI OBITH HEUETHLIMHI IIEJIBIMUA YHUCJIAME, YIOBJICTBOPSIIO-
mumu yeaosuto t > u > 0. Ilyers a u b — nesbie yuciia, Takue, 9to 2a = t + u, 2b = t — u, OTKyJIa



=a+b,u=a—bwua>b>0. Torma
z = ((a+0b)*— (a—b)?)/2 = 2ab,
y?> = u?t? = (a — b)*(a + b)* = (a* — V?)?, Tak uro y = a? — b?,
z=((a+b)?+ (a—0)?)/2=a’®+ b

Bamerum, uro HO/I(a,b) = 1, noromy uro HO/I(z — x, z 4+ x) = 1, u, HAKOHEIl, IOCKOJIbKY | HEYETHO
u a+ b=t, MBI 3aK/II09aEeM, YTO YUCTIA @, b He SIBJSIOTCA HEYeTHLIMU OJHOBpeMeHHo. [

Hanpumep, HanMeHbIIne IPUMUTHBHbBIE DellleHnst ypaBHeHusi (1), yrmopsijioueHHble 10 BO3paCcTa-
HUIO 3HAYCHUIT 2, TAKOBDL:

(4,3,5),  (12,5,13), (8,15,17), (24,7,25),
(20,21,29), (12,35,37), (40,9,41), (28,45,53),
(60,11,61), (56,33,65), (16,63,65), (48,55,73).

[Tpunumas Bo BHEMaHUe yTBep:Kenue (A’), HafiTu TpuMUTHBHBIE peleHusi ypasHenus (1) —
3HAYUT OIPEJIEIUTD, KAKUE HEYETHBIE ITOJIOXKUTEIHHBIE TUC/Ia ABIAIOTCA CYMMaMI JBYX KBaJIPaTOB
HEJIBIX 9HCEeN, U B KayKJIOM CJIydae BBIINCATh Bee Takue npejacrapienns. Pepma mokaszas, 9To moJI0-
JKUTETHHOE YHUCTIO 1 SIBJIAETCST CYMMOI JIByX KBaJIPATOB IEJIbIX THUCE]T TOTJIA W TOJLKO TOrJIA, KOTJIa
KasKJIblil IPOCTOIl Jle/iuTe/ib p ducia n, Takoi, uro p = 3 (mod 4), BXOAUT B pa3JioKeHUe YUC/Ia N
Ha [IPOCThIe MHOYKUTEJIM B 9eTHOI crenenu. [Iycrh jyis KazKi0ro 1ejioro 9ucjia n, KOTopoe siBJIsieTcst
CYMMO#i JIBYX KBaJPATOB TEJIBIX duce, (1) 0003HaAYACT TUCIIO TAKUX YIOPSIOUeHHBIX Tap (a, b), 910
a’+b* = n, npudeM neJsble Yucia a, b ne obszaTebHO noozkuTenbHbl. Hanpumep, r(1) = 4, r(5) = 8.
Akobu 1 HezaBuUCUMO OT Hero laycce moKazasiu, 9To

r(n) =4(di(n) — ds(n)),

rie di(n) (coorBercTBeHHO d3(n)) €CTH KOJMYECTBO JEIATENEH TUCIa 1, KOTOPble CPABHUMBI ¢ 1 110
Mozytio 4 (COOTBETCTBEHHO CpaBHUMBI ¢ 3 10 Moy o 4) (em. Xapmau u Paiir (1938, c. 241)).
C y4eToM 9TOro MOXKHO B sIBHOM BHJIE BBIUCATDH BCE IPUMUTHBHBIE TN(AropoBbl TPOHKH (z, Y, 2).

3. BukBazpaTHoe ypaBHeHHE: MeTO] OEeCKOHEYHOro CHycKa, Iiomiaab nmdaropona
TpPeyroJibHUKAa, BBIBOJ HEPA3PEIINMOCTH

Cuaaiig 10. Ilepeiiiem Terneps k caydao n = 4. @epma paccMaTpuBas BOIIPOC, MOXKET JIH ILIO-
ma/Ib mudaropoBa TpeyroJbHUKa ObITh KBaIpaToM Iejoro dncia (Habiroaenue Kk Bonpocy 20 Kuurn
VI «Apudmernku» Tunodanra). IT0 NpuBesIo €ro K ypaBHEHHUIO

Xt—vt=27% (2)
U OH JIOKa3aJl (J1aTa HEeM3BECTHA) CJIEJYIONIee YTBEPIKICHNE.

(B) Vpasnenue (2) ne umeem pewenuti 6 UeAbT HUCAAT, KAAHCOOE U3 KOMOPLIT OMAUYHO OM
HYAA.

JTOKABATEJILCTBO. Ilycrh yTBep2KIeHre HEBEePHO U (T, Y, 2) — TPOHKa HATYPAJIBHBIX YUCEJI, TAKAsl,
gyro 2t — y* = 2%, npuuem x — HanmMenbinee BosMoxkHoe uncio. Torna HOM(x,y) = 1, Tak Kax eciu
IIPOCTOE YUC/IO P ABJIAETCS OOIIUM JIe/ITe/IeM YUCeI T U Y, TO p* IeJuT 22, cIeioBaTeIbHO, p? Ie/uT
z. Honaras x = pa’, y = py', z = p?2', nonyumm z'* — y'* = 2, rne 0 < 2/ < 2, 4TO HPOTUBOPEIUT
BBIOODY TPOWKH (T, Y, 2).
Mbr mMozkem zammcath 22 = xt — yt = (22 + 4?)(2? — y?), npuuewm, kak jerxo sugers, HOJ (2% +
y?, 2% — y?) pasen 1 uim 2, nockosbky HOJI(z,y) = 1. PaccMoTpum iBa ciy4ast.
Caynati 1: HOI (2% + y?, 22 — y?) = 1.
Tak kax npoussejenue (z2 + y?)(2? — y?) aBasgerca KBaJpaToM 1EJO0ro Yuc/Ia, KaykI0e U3 Jucel
22 +y? n 22 —y? ecTb KBaJIpaT 1esI0r0 uncia. I'oBops 6osee TOUHO, CYIIECTBYIOT HATYPaJIbHBIC THCTIA
s u t, ynosaersopsioriue yciaosuio HOJI(s,t) = 1, takue, aro
{ r? + y2 = 52,
2 — g2 =42
Orcioza ciejyer, uTo s u ¢ JI0JIKHBI ObITh HedeTHbI (Tak Kak 222 = s% + 12, uucya s u ¢ UMeIoT OJIHy
U Ty K€ YeTHOCTh, HO OHU HE MOT'YT ObITh 00a YE€THBIMHU).



Nrak, cymecTByIOT HATypaJbHbIE YACTA U U U, TAKHE, ITO

{ u=(s+1)/2,
v=_(s—1)/2

u Henpemenno HO/I(u,v) = 1, motomy 910 § 1 ¢ HEYETHBIL.
dceno, uro uwv = (s — t?)/4 = y*/2, orkyna y* = 2uv. [Mockonbky HO/I(u,v) = 1, cymecTsytor
HaTypaJbHbBIe 9ncia | 1 m, TaKue, 9To

u = 202, u =12
v = m? i v = 2m?.

PaceMoTpuM JTUIIEL TEPBYIO0 BO3MOXKHOCTH, TaK KaK BTOPas COBEPIIEHHO aHajorndna. tak, u 4eTHo,
HOI(u,v,z) =1m
s+t)2+(s—t)?  s*+ ¢
o GRG0 e,
4 2
13 (A’) ciemyer, 910 CyIIecTBYOT HATypabHble uncaa a u b, 0 < b < a, takue, uro HO/l(a,b) = 1

n

212 = u = 2ab,
m? =v=a?—-0?
r =a’+ b

Il
—_

otkysa [? = ab. Takum 06pa3oM, cyMmIecTBYIOT HaTypaJjibHble uncia ¢ u d, Takue, aro HOJ(c, d)

n
a=c?,
b= &2,
a znaunt, m? = ¢*—d*. Bamerum, uro 0 < ¢ < a < x u Tpoiika HATYpaILHLIX uuce (¢, d, m) ABasgercs
perenueM paccMaTpuBaeMOIro ypaBHeHI/ISI, 9TO IIPOTUBOPEIUT BbI60py qucCJjla X KaK HANMEHBIIIETO 13
BO3MOYKHBIX.
Q0. 2 .2 .2 9y _
Caywat 2: HOH(x* 4+ y*, x* — y*) = 2.
Tenepb x u y HedeTHsl, a z derHo. Cornacuo pesyabrary (A’) cylmecTByIOT Takue HATypaabHble
qucsa a,b, b < a, aro HO/(a,b) =1 u

2% = a®+1?,

2= g2 2

z = 2ab.

<
|

4 — b rae 0 < a < 7, a 9TO NPOTUBOPEIHUT BLIOOPY UHCIA T KAK HANMEHb-

Crenosarennno, 2y? = a
IIer0 U3 BO3MOKHBIX. []

Caaiig 11. U3znoxkennoe paccyzkjienne mpuHajiexur PepMa U Ha3bIBACTC Memodom becko-
HEewH020 CNYCKG. DTOT METOJ, MOXKHO chOPMYJIUPOBATH Tak: ecjiu Obl TpoiKa (g, Yo, Z0) ABJISIACH
pellieHreM ypasHeHus (2) B HaTypasbHBIX YHC/IaX, TO HAILIOCH ObI €IIe OJIHO PEIIeHne ITOrO ypaB-
HeHWsI B HATYPAJIbHBIX duciaax (rq,yi, 21), Lae x1 < To. [loBTOpsis 9TOT mporece, Mbl TOIYYUIn Obl
OECKOHEUHYIO YOBIBAIOIILYIO ITOCIEIOBATEILHOCTD HATYPAJIBHBIX YUCETT

Tog>T1>T9g >0,

YTO HEBO3MOZKHO.

Caaiig 12. TloayuuM B KadecTBe CJIEACTBUS MCXOAHOE yTBepxKaeHne Depma, MpeioKeHHoe B
KadecTBe 33/[a4n Win ynomsauyToe B ucbMax Mepcenny |mist Cen-Kpyal (cenrsops 1636 1.), Mepcen-
Hy (mait 16401.), Cen-Mapreny (31 mas 1643 1.), Mepcenny (asrycr 16431.), [Tackasro (25 centsabpst
16541.), duron |mra Basumuca| (7 anpens 1658 1.), Kapkasn (asrycr 16591.).

(C) Irowadv nugazoposa mpeyzosvnukra e ABAAEMCA KEAOPAMOM UEA020 YUCAQ.

JIOKA3ATEJILCTBO. Ilycrs a,b, ¢ — croponsl nudaropoBa TpeyrojbHUKa, IPUYEM C — €0 THIIO-

tenysa. Torna ¢ = a? + b?. IIpeanoo:KuM, 9To ILIONA/Ib ABJISETCS KBaJIPaTOM IIeJI0T0 YUC/a, S:
ab/2 = s*. Torya

(a+b)? = + 452,

(a —b)? = * — 4s%.

Crnenosarenbho, (a? — b?)? = ¢! — (2s)?, a snaunur, ypasuenue X4 — Y* = Z? umeer nerpusuajibHoe
peIlleHne B EJIBIX IUCJIax, 9TO IMPOTUBOPEYNT yTBepK IeHuo (B). O



[TpuBeieM elnie 0/IHO YTBEPXKIEHUE, IPEJIJIOKEHHOE B KAUEeCTBE 331291 WU YIIOMSIHYTOE B IINChMaX
Mepcenny [ms Cen-Kpya| (cenrsiops 1636 1.), Mepcenny (1638r.), Mepcenny (mait 16401.).

(D) Vpasrerue
X'+yt=2"

HE umeem pewenuz’z 6 UEABIT YUCNAT, Kastcdoe u3 romopuvlr omauvHo om 0.

JTOKABATEJILCTBO. Ecu 2,y u 2 — oTam4HbIe OT Hy/s Lejble dncia, Takue, 9ro ot + y* = 24, 1o
2t —yt = (2?)%, uro nporusopeunr yreepxkaenuto (B). [

UsnoxeHHbIe pe3ysIbTaThl ObLIH 3aHOBO MOy deHbl ditepom (1770) u Jlexanmpom (1808, 1830).
4. OcHOBHBIE IIPOABUYKEHUS B MOUCKAX J0OKa3aTeJIbCTBA

Caaiig 13. Cam IIpep @epma j1a1 cTporoe M0Ka3aTEILCTBO CBOEH 3HAMEHUTON TEOPEMBbI TOJIhb-
KO Jiyisi ciydas n = 4. CjeyonumM maroM ObLIN TOIMBITKN JOKA3aTEeJILCTBA JIJIsd IEPBBIX IMPOCTHIX
HEUYETHBIX ITOKa3aTe e,

Cnvyaanl n = 3. II. ®epma nmcaa o ciaydae n = 3 B HECKOJIBKHAX IucbMax K Mepcenny, /lur-
ou, KapkaBu u JIpyruM coBpeMEeHHHKaM, OJIHAKO IOJIHOI'O JOKa3aTeJIbCTBa IIPEJICTABICHO He OBLIO.
BriepBrie j10ka3aTe/ibcTBO 9TOr0 yTBEp K IeHUs Harresn Jitaep. OHO OCHOBBIBAJIOCH HA METOJe OECKo-
HEYHOT'O CITyCKa U OBLJIO IIPeJICTaB/IEHO B €ro KHure 1o ajrebpe, onybsmkoBanuoit B 1770 1. B CankT-
[Terepbypre u mneperenennoit B 1802r. Ha Hemenkwmii, a B 18221, Ha anrauiickuii s3pik. OHAKO B
pe3yJsibTaTe KPUTUIECKOr0 U3y YeHUs JJOKa3aTeIbCTBa Diljiepa ObLIT 0OHAPYZKEH BayKHbBIH 1Ipobe/1, CBs-
3aHHBII CO CBOMCTBAMM JICJIMMOCTH IE/IBIX dnces Buja a’ + 3b2.

B 1875 1. BBINIa 06beMHas cTaThs [lenena, MocBIeHHad YucaaM BHa @+ by/—c. ABTop yKaszai
Ha MOMEHTBI, KOTOpbIe He ObLIN JOCTATOYHO 0O0OCHOBAHBI DIepPOM, KOT/Ia TOT PacCMaTPUBAJ THCIA
Busa a’ + cb?, B wactnoctu upu ¢ = 1,2,3,4,7.

Crporoe jokazarenbcTBo npeaoxkmit B 19011 9. Jlangay; Ty Ke Iesib IIpecefoBaia U CTaTbs
Xomaena (1906), a B 19151. mopobHOE TOKA3ATEIBCTBO BHOBB OBLIO IIPEJICTaB/IeHO B KHuUre Kap-
MalKJia.

Cuaaiig 14. CIVUYANL n = 5. DToT ciyuait Ob1 Buepsbie paccmorpen 1. JTupuxie. B 18251
ero craThs ObLTa mpejcTaBieHa B [lapukckoit akaleMnn HayK, HO JIOKA3aTeIbCTBO, OITyOJIMKOBAHHOE
B 1828 1., He oxXBaThIBaJIO BCe BO3MOXKHBIE ciydan. K Tomy Bpemenn kak A. Jlexkaujap omy06JmKo-
BaJI TIOJTHOE HE3aBUCUMOE JI0KA3aTe/IbeTBO, lupuxie y:ke 0O0OCHOBAJ IOCIEIHUI OCTaBaBIIUICS He
pazobpaHHbIM ciaydail. B naibHeiiliieM HOBbIe BApUAHTHI JIOKA3ATE/ILCTBA OIYOJUKOBAIN U JIPyTHE
asropsl: K. ayce (1863, mocmeprHoe nznanue), B. A. Jleber (1843), I'. Jlame (1847) u mp.

Caaiig 15. Caivyanl n = 7. B 1839r. I'. Jlame Buepsbie nokaszana Teopemy Pepma I mokasa-
tesst 7. Bosee mpocroe mokazarenbcTBo B 1840 1. mHamen B. A. Jleber. Bosee npocroe paccyzxaenne,
ocHoBaHHOe Ha ujee Jlexkanapa, npeoxun Jxxenokkn (1874 1. u 1876 1.).

JIPYTUE CJIVUAU. Bosbioe 9umciio crareil MOCBAIIEHO J10KA3aTe/ILCTBY Teopembl Pepma jirst
KOHKPETHBIX IOKazaTeseil, OTImIHbIX oT 3, 4, 5, 7. Vcnoib3yeMbie MeTOJIbI B OOJILIITMHCTBE CJIyYacB
3aBUCEIN OT YaCTHBIX CBOMCTB MOKA3aTe Isi U He MOV ObITh ODOOIEHBI.

W3 pesynbraToB Ui JpYyrux MoKasaTeseil ceayer OTMeTHTh 3amedarebHyio Teopemy Codu
ZKepmen, Koropasi ycTaHABIMBAJIA «POCIEPKOM Iiepay (110 BbIpaKeHuIo JIexkaHapa) mepBblil cirydaii
TeopeMbl Pepma J1jIst BceX MPoCThIX moKazareseil, menbinux 100. Jlexxkanap pazsui ugen C. 2Kepmen
B cBoeil pabore 1823 r.

5. Kak, kem u Korga mpobJjiema penieHa

Caaiiapr 16—17. onroxanHoe 10Ka3aTeIbCTBO TeopeMmbl PepMma OBLIO MOTYyIeHO TOJBKO B
koure XX Beka, CIycTs Oojiee Tpex CToJIeTuil mocje Toro, Kak @epma e chopmynupoBas. 23 UIOH
1993 r. Ha cBoeit Tperheit eknun B ucturyTte Hbhiorona B KemOpu ke anruiickuii MaTeMaTuk DH/I-
pio Vaiisic (poa. 1953) oObsiBuI 0 JloKazareabeTBe mocseaaeii reopembl Pepma. B pykonucn Yaiiica,
TINATETBHO U3YUE€HHON Pa3IUIHBIMU SKCIIEPTAMU, OOHAPYKUJIUCH TPOOESIbI, KOTOPhIe Yailic ycrpa-
HIJT C TIOMOINBIO cBoero ydennka Teitsopa u B okTsibpe 1994 1. omybimkoBan B KypHate Annals of
Mathematics e pyKOIUCH, 3aHUMatOIIIe OoJiee cTa CTpaHuI] (OJHA U3 HUX B coaBTOPCTBE ¢ Teiino-
pom). OHu cozepKan Jg0Ka3aTegbeTBO 2unomesve [Humypv— Tanuamor 1js cirydas HOJYyCTONIN-
BBIX JUIANITUYIECKUX KPUBBIX. Panee PuberoMm ObLIO MOKa3aHO, 9TO 3Ta TUIIOTE3a BjEYeT 3a COOOI
CIIPABEJIMBOCTE TOCe Hel Teopembl Pepma.



JlokazaTebcTBO VYailjica BecbMa CJIOYKHO U SABJISIETCS IVTyOOKUM HCCJIEOBAHMEM B TEOPUU 3JI-
JIMIITUIECKUX KPUBBIX U MOAYJIAPHBIX (opM. Vcmoab3oBaHHbIE B HEM MOHSTHS JAJIEKO BBIXOJIAT 34
paMKN 3HAHUI, OOBITHO OXKMIAEMBIX OT JIFOOUTEsEl U j1axke OT MPOdeCCHOHATBLHBIX MATEMATUKOB,
paboTraronux B Apyrux odsjactsx. [Ipu srom MeToj Yaiiyica B JaJibHeHIeM ObLT IPUMEHEH U K JIPYTUM
JMO(MAHTOBBIM YPABHEHUSIM.

6. KombuaaTopHasi mepedopMyJInpoOBKa

Caaiig 18. CymiecTByeT MHOXKECTBO IIepedOpMYINPOBOK BeJIMKOI TeopeMbl Pepma — yTBEpKIe-
HUl, KOTOpbIE el 9KBUBAJICHTHBIL.

[IpuBeieM o1y HEOXKHMTAHHYIO SKBUBAJCHTHYIO KOMOMHATOPHYIO (DOPMYIUPOBKY IMOCETHENR TEO-
pembr Pepma, nipepiokernyio B 1989 r. B. KpaitroMm.

PaccmoTpuM MHOXKECTBO, cocTosInee U3 n > 3 MapoB, KOTOPbIe TpedyeTcs paciupeenThb 10 Z
KOp3WHaM, OKpallleHHbIM B Oesiblil, cuuuii mim KpacHbiii 1BeT. [lycre W, B u R — 4ucjio 6ebIX,
CHHUX U KPaCHBIX KOp3uH cooTBeTcTBeHHO. Torma z = W+ B+ R. Bejiem ciiejryrorniue 0603HaueHNA:

(r'b) — YUCJIO TAKUX Pa3MEIIEeHU 1 MIapoB 110 KOP3WHaM, YTO KpPACHble KOP3UHBI OCTAKTCH I1y-
CTbIMH, HO HE€ BC€ CUHUEC KOP3UHBI ITYCTHI,

(rd') — YUCJIO TAKUX PA3MEIICHUN N MapoB 10 KOP3UHAM, YTO CUHHE KOP3WHBI ITYCThI, & XOTd ObI
B OJIHOI KPaCHOUW YTO-TO €CTh;

(rb) — YUCJIO TAKUX pa3MelleHu 1 mapoB 10 KOP3UHaM, YTO HE BCE CUHUE U KPACHbIC KOP3UHBI
IIYCTBI;

(w) — YHUCJI0 TAKUX Pa3MeIeHnil 1 IIapoB 110 KOP3UHAM, UTO BCeE IIaphbl COCPEIOTOUEHBI B OEJIhIX
KOp3WHaX.

(E) Hocaednan meopema Pepma cnpasediusa 0is nokazamens n mozoa u moavko mozda, k02da
(w) # (rb) das ecex mmoocecms u3 z KOP3UH.

JTOKABATEJIBLCTBO. Yncio Bcex pasMelieHnii U3 n MapoB 10 z KOP3UHAM PABHO 2", IIO9TOMY
2" = (w) + (r'b) + (rb") + (rb).

I[Iyctb * = R+ W ny = B + W. Torma 4ucio Bcex pasMelieHU U3 N MApOB MO KOP3WHAM,
OKPAIIIeHHBIM B KPACHBIN WK OEJIbIil 1[BET, PABHO

" = (w) + (1),
a IHCJI0 PasMeIIeHnil U3 1 MapoB MO CHHUM 1 OeJIBIM KOP3WHAM PaBHO
y" = (w) + (r'd).

Ecnu nocienusis reopema @epma cripaBeyinBa Jijis mokasaresist n > 3, 1o 2" # ™ + y", a 3HaUMT,
(rb) # (w).

ObpatHO, mycTh yTBep:KeHne TeopeMbl Pepma He BBITOIHSIETCS TSI TOKa3aTeasd n > 3, T. e.
CYIIECTBYIOT HATypaJbHble duciaa T,y,z Takue, 9ro z" + y™ = 2". Oupenenum unciaa W, B, R u3
paBeHCTB

B=z—n=x,
R:Z_yv
W=x+y—-=z

Cormtacuo nsioxkeHHOMY paccyxaernto (w) = (rb). O
7. OmuboYHbIe JOKa3aTeJIbCTBa

Caaiig 19. 3a jgoarue crojeTns ObLINA MPEIIOKeHbI OYKBAJIBHO THICIYIH OMIMOOIHBIX JIOKa3a-
TeJILCTB ToceaHeit TeopeMbl Pepma. ITO MOKHO OOBSICHUTH TeM, 9TO (DOPMYIUPOBKY JIAHHON 3a-
Jladn JIETKO ToiiMeT jtake jroburesnb. Kpome Toro, akagemun m pOHIBI Tpejjiarain 3HAYNTeTbHbIe
[IPEMUU, KOTOPbIE CTUMYJIMPOBAJIH IMONBITKN KaK JIMJIETAHTOB, TaK U MPOMECCHOHATBHBIX MATEMATHU-
KOB.

Crarbu ¢ OMIMOOYHBIME JIOKA3ATETHCTBAMU TyOJIMKOBAJIUCH JIaYKe B COJUIHBIX MATEMaTUIeCKUX
KypHasax (ommbKW B HUX yKa3bIBAJINUCH TO37IHee, yxKe nocie mybnukaiwm). Cpean aBTOPOB OIIi-
OOYHBIX JIOKA3aTETbCTB MOXKHO OTMETHTh M3BecTHOro Maremaruka @. JInngemana, KOTOpPBIN BIEp-
BBI€ JIOKa3aJl TPAHCIEH/IEHTHOCTD Yncja m. Hekoropble aBTOPHI IIpe jIarajii 1o HECKOJIBKY JIECATKOB
HEBEPHBIX JIOKA3aTe/ILCTB, OJHO 3 JIPYTUM.

Cuaaiig 20. [lonbiTku HAlTH 3/IeMEHTAPHOE JIOKA3ATEIHLCTBO HE MPEKPAIAIOTCA U 110 Ceil JICHb.



Tak, B aBrycre 2005 roga muorue CMU o6bsiBrm 0 TOM, 9T0 OMCKHit yaenbiit Anekcanap Vibux
HalIllesI POCTOe JI0Ka3aTeILCTBO BesmKoit TeopeMbl Pepma. HoBocTh 00 3TOM jTazke moraja Ha Tese-
BujieHne. BoT 9T0 «J/10Ka3aTe/ibcTBOY, onmybukoBannoe B «HoBoil razeres:

Urak, Tpebyercst jokazarh, uro ecin X u Y — 1iesible yncia B ypapuenun X" +Y" = 27,
to Z (upu n > 2) Beerma He nenoe. [Ipexe gem 6parbes 3a Teopemy Pepma, TOBTOPUM
teopeMmy [Iucaropa: «KBajipar runorenysnl paBeH cyMMe KBQJIPATOB KATETOB». MbI BIIpa-
Be JIJIsT ee HAIMCAHUS WMCIOJIb30BATH JIFOObIE TIepeMeHHbIe. SalliIlieM ee TAKUM 00pa30oM:
X?24+Y? =R? tne X, Y, R — nensle uncia, a Z, yreepxiaaer Pepma, — He Iesoe.
[Tonipobyem jokazarh. [lonsaTno, Z ne paBuno R mpu omgaux un Tex xe X, Y. Jlerko mo-
KazyeMmo aJjiredpamdecKu, Jia U IIPOCTO JIOTUYECKHU, UTO 4 Bcerja Menbiie, dem R. Korma
MbI BO3BOIUM X 1 Y B 0oJjiee BBICOKYIO CTEIIeHb, TO YMHOXKaeM ux Ha camux ceds. Ilo-
TOM UX CKJI/IbIBA€M U TOJydaeM Z B TOH »Ke creneHu n. A npum Bo3BejeHUU B Hee R
KaxKJ[0e U3 cjlaraeMbIX HaJI0 YMHOXKUTH Ha R, KoTopoe Oosbiie, vem X u Y. K npumepy,
RP=(X*+Y?*)R=X?R+Y*R.

3amnucbiBaeM JJIUHBI CTOPOH TpeyrojibHuka XY R B TPUrOHOMETpUYECKOM Buje: X =
Rsin A, Y = Rcos A. A snaunt, Z" = X"+Y" = R"(sin A+cos A). Torna Z = R(sin A+
cos A). Panee mbl jokasann, aro Z Bcerma Menbine R, crano ObTh, sin A + cos A < 1.
Takyro TpuronoMeTpuiecKyio (pyHKIIUIO MOYKHO HafTH B JIIOOOM y4ueOHUKE MaTeMaTHKU
CTapPIIMX KJIACCOB U yOEJUTHCA 10 TpapuKy MM TabJIuIe, 9TO eC/ii 3HadeHue (pyHKITUN
MmenbIre 1, To yron A 6osbine 60° u menbinme 90°. A 9TO MPOUBORIET B 9TOM CIydae C
HIPSAMBIM YTJIOM , HAXOJAIIMMCH Mexk Ty Karetamu! OH OoJibIlle y2Ke He OyJeT MPSIMbIM 1
OKazKeTcd B Tex 2Ke mpejenax: 60° < B < 90°.

JIr000it JTecaTUKIACCHUK, Y KOTOPOTO M0 MaTeMAaTHKe BBINIE TPOWKH, ¢ XOJLy BOCIIPOU3BE-
neT BaM (bOPMY/Ty COOTHOIIEHNS CTOPOH TpeyToibinka Z2 = X2+ Y2 —2XY cos B. Ilpn
60° < B < 90° cos B — 4ncyo He nemoe. A 3HAYNT, 1 Z HEMUHYEMO SIBJISIETCS TAKOBBIM
npu 1esbix 3Hadennsx X u Y. Yro u TpeboBasoch J0Ka3aTh.

Caaiizm 21. 910 «JI0Ka3aTeIbCTBO», pa3yMeercs, ommbouno. Hampumep, B moceanem ad3arie
COJIEPYKUTCS 3aBEJIOMO HEBEpPHOE yTBEPKJEHUEe: W3 TOro, UTO JHUCJI0 coS B He Iejioe, HE CJeJIyer,
aro 2XY cos B (a 3Hauur u Z) me menoe. B Tekcre joka3aTesbecTBA €CTh MHOTO U JPYTUX OMNIHOOK
(mompobyiiTe B KadecTBe yIpaykKHEeHHs HAITH UX KaK MOXKHO OOJIbIIe).

Ee 6071ee cJI0XKHBI 71 PACCMOTPEHUS JIPYTHE 3aMBICJIOBATEHIC U 00JIee 0ObEMHBIE «I0KA3aTETh-
crBay. BoJibIlioe UX KOJIMYIECTBO MOYKHO HAMTH B PA3IMIHBIX HCTOYHUKAX (6pOIIopax, n3JIaHHbIX Ha
cpeJicTBa aBTOpoB, cetn MHTepHeT U T.I1.).

Eme Gostbltie MOMBITOK JIOKA3ATEIbCTBA PUCHLIAINCH SHTY3MaCTaMU PO ECCUOHATBHBIM MaTe-
MaTHKaM Ha IIPOBEPKY U He IIyOJUKOBAJIMCH IIOCIE YKa3aHUs Ha OMMUOKU, HAUTH KOTOPhIE — YaCTO
HEIIPOCTON TPYIL.

8. B mouckax 3jieMeHTapHOro JoKa3aTeJIbCTBa: YTO MOT mMeTh B Buay cam ®epma?

Caaiig 22. Muorue camraior, 9to Pepma He MO 3HATH JIOKA3aTE/ILCTBA CBOEH TEOPEMbI JIJIs
BCEX N, & JOKA3aTEJIbCTBO, O KOTOPOM OH IHUCAJI, TPUMEHUMO JIUIIh JIJIi HEKOTOPBIX 3HAYECHUN N U
IIpeJICTaB/IgeT cOOOI BapuaHT MeTo/la OECKOHEYHOI'O CITyCKa.

B pabore Dittepa Opera Posthuma Mathematica et Physica, Petropoli, 1862, Vol. 1, pp. 231-232,
“Fragmenta arithmetica ex adversariis mathematicis deprompta’”, cojepkurcst caeayroriee paccyxKie-
nue, npunaexariee Jlekcemo (Lexell A.J.). Ono npejcrasisier coboil TONBITKY TIPUMEHUTH METO/L
OecKOHeIHOTO cilycKa K ypaHeHuio ®epma, uro n mor umerh B Buay cam Pepma. OaHaKo 9Ta 110-
IBITKA HE Y/AJ1aCh.

[Ipeamonoxkum, aro mocaeaHsss Teopema Pepma He MMeeT MecTa JJjIs HEKOTOPOT'O IMOKa3aTeist
n > 2. MOXKHO cunTaTh, YTO N — HEYETHOE MPOCTOE YUCJIO (MBI BOCIOJIB3YEMCsI JIHIIb HEYETHOCTHIO
n) U YTO CYIIECTBYIOT OTJIMYHBIE OT HYJIsl IeJible Yucia a,b, ¢ (He 00sI3aTeIbHO MOJIOKUTEbHBIE),
takue, 9To a" + b" = ", npuuem ¢ detHo, a u b Heuernsl, a # b u HO/(a, b, ¢) = 1. Tlomoxkum

x=c"/2,

y=(a"—0")/2,
z = abc"%/2.



Torna x,y, z — nenble ducia, npudem x detHo. CrpaBe//InBbI PABEHCTBA
r+y=a"
{ r—y=>b"
CJIeJIOBATEILHO,
22 —q? ab\" Z\ "
122\ &2 ( ) '
OTrcrofa moIydnM, 9To

r(z" —42") = 2"t [az2 — 4g? (E)n]

i
— xnflyZ — (x(nfl)/2y>2'

[Mycrs d = HO/I(z, 2). Torna d = ¢"2/2, noromy uro HOI(ab, c) = 1. lonoxkum x = dr’, z = d2’.
Torna 2’ kparno 4, HOM(2/,2') = 1 n d"™a/(2/™ — 42'") ecTb KBajpaT 1eI0Oro Ymucia, a 3HAYWT,
u (2" — —42'") Toxe kBajpar nesoro uncia, npudem HOJ(2/, 2" — 42'™) = 4. CienosaresbHo,
CYILECTBYIOT IeJIble YUCJIa T, S, TaKue, 9TO

o :,,,2’
" — 4" = §%

P — 8% = (r" + ) (1" — ) = 42",
Tak kak 7 = s (mod 2), mbr 3akmo49aeM, aro HOI(r"™ 4+ s, 7™ — s) = 2, a 3Ha4MUT,

r" 4 s = 2t",
r" — s = 2u".

Taxum obpasom,

CxaapiBasg 3TH paBeHCTBa, mojaydnm 1’ = t" + u". Vtak, Mbl IOJIy4YNId HETPUBUAJILHOE PEICHUE
ypaBHeHusg @epma, mpuvieM UnucJIo 1 4eTHO. Ecii Obl BBITOIHSIIOCHh HEPABEHCTBO 1 < ¢, TO, IPUMEHSS
METOJI CITyCKa, MBI IPUILIH ObI K TTpoTuBOpednto. O HaKO

T
e —

d

HOQTOMY r = C, TaK 9TO METO/ CHyCKa HE HpI/IMeHI/IM.
3akJiroueHue

Cuaiin 23. ltak, MHOTOBEKOBBIE TIONCKH «TIYIECHOTO JJOKA3aTeIbCTBAY, 0 KOTOpoM mucas Pepma
Ha noJisiX «Apudmernkny InodanTa, Tak u He npusesn K ycrexy. OIHAKO MONBITKA MHOTUX YIEHBIX
JokazaTh Teopemy Pepma MPUBHECTN MHOYKECTBO MHTEPECHBIX Ml B caMble PAa3HbIe HAIlPABJIEHUS
HE TOJILKO TEOPUU YUCEJI, HO U APYrux obsacreit MmareMatuku. OMH U3 IipKUX TPUMEPOB — CO3/IaHUE
Teopun ajaredbpanydecKux dnuces, K KOTOpOMY IIPUBEJIO MeHHO uzydenue TeopeMbl Pepma. B mporiecce
MIOUCKA PeIeHns] 3HAMEHUTON MMPOOJIEMbI OBLIO MOJYYeHO MHOYKECTBO 3aMEYaTETLHBIX PE3yIbTaTOB,
KOTOpBIE CYIIECTBEHHO O0OTaTH/I MUD MaTEeMATUKH.



